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Pfoy’si'“OVt .3 @< S'am(—QJ has vank 3 and ,‘an‘m[{“v‘UC,
then 3 um'ftz.e. non-‘{‘\"fvfa( {)[ock SiS‘Fem Z:

Pfo?osrho\a 2. 1f G« S'{SME'Q) is .wPrumn@ ve of vank 3, 6¢€2,
fthen  both @2 and G are 2-fransitive.
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Clascificatione + BP+IT+ D @

Guagfp\‘"“;’ef*/ﬂ =2 6‘ ”“’@‘i is almost Siv.q;le,

:’.nm'('e‘& trawedive => Gi is almost s;m:FlC

Theoven [ 31
1f G« Sawc—q-) is(imjarc‘m'-(ive) sam,‘fav;m«#.’vc ot ranlk 3, then
@) GZ is almes¥ sfmf:le (awd Luoww)
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Plaw -

1 Recus  foow fhe 2 fapers on G2- alrost S,‘utf/é-i- Examﬁ/c

2. Reswlte on A/ s*t. /de(/V) has 3 ecbits.

3. What £ GZE —almest sincple awd wo ofher coundidiouns 7
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M |Z| r G Conditions on G type
PSL,.(q) 5‘;_—_11 prime such that r|(g — 1), | (w"I}SL.(g)/{w"I) € G < TL.(q)/(w"I) ||G=/(G¥ NPGL.(g))| = a/j qp/it/sp
o.(p) =7 —1 and with (j,r—1) =1
(n,7) # (2,2)
PSLa(q) | g+ 1 2 (w?I) SLa(q)/(w?I) < G < TLa(q)/{w?I) | q =5, qis odd, G* £ PXLa(q) | qp/it/sp
PSUs(q) | ¢* +1 | odd prime such that (wI)SU3(q)/(w™I) < G < TUs(q)/{w"I) ||G=/(G* NnPGUs(q))| = 2a/j it
rlg—1,0.(p)=r—1 with (j,r —1) =1
PSL3(2) | 7 2 PSL3(2), Ca x PSL3(2) ap, it
I'l-"_l[ll 11 2 I‘\"Il]_._ CQ Kl[ll qp. it
PSLs(4) | 21 6 PGLg(4), PI'Ly(4) ap, ap
PSL3(5) | 31 5 PSLs(5) ap
PSL5(2) | 31 8 PSL5(2) ap
PSLs(8) | 73 28 PT'Ls(8) ap
PSLy(3) | 13 3 PSLs(3) ap
Alt(6) | 6 3 3.Sym(6) G, = Alt(5) sp
Mia 12 2 2.0 2 Ga =M sp

TABLE 1.1. G satisfying Hypothesis 1.1,

g = p® with p prime




Exawnple : See(G2)= PSL.(g) ©),

MZZ) @,Pa 23 )<bu>=F%*7 V = F%h )(i‘/)_,ge#oﬁ (*s'uLsp-
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Exawnple : See(G2)= PSL.(g) ©),

a %k — v
n22, gpt 23 oo BY, Ve g ([ ]-setd fuky
Let © -,'n{c(?'c'l‘ div i-—f . D@—fc'n&'.
_Q_:{(uo‘”)u l € \/’% g:(co‘"7ul~><w‘“>(u)g }%’E FL@

beenel Y=<wT>, G =TLug)/ Y ¢ Sgml )
pd =£ G-(U) [ (Aﬁ(‘{)f wheve @(U):{(w’)w‘-u { {:O)-.,r—-{g , {u)= U

Theorewm 1§ SLYY /Y éGfS—G{«-) thew

a) Gis seméym‘wf‘“l/f, enw ()

B Gis I'VMQ“C{& tranwsitive ¢=> v | (g-0/Cu g [SL»\@Y/Y’; PSL»‘[@):(
Q) Gors gusprimdtive <=> v | [@—/)/(kﬁ;t) and G N (KID/Y)=1
d) Gt has vank 3 ew Q 2=> ¢ is prine and ... (see Table)



Theorem 1.1. Let G be a finite 3-orbit group with N = (G', ®(G)) and |[N| = p".
Then 1 < N < G and G is isomorphic to a group in lines 1 — 7T of Table 1. Moreover,
the values of V =2 G/N,A = Aut(G)Y. W 2= N, B = Aut(G) L W are valid, where
Aut(G)Y and Aut(G) W denote the groups induced on G/N and N by Aut(G).

Table 1: 3-orbit groups G and V = G/N, A = Aut(G)%/V, B = Aut(G) | N

G V A N B Comments Ref.
L (Cpe)*  F» GL,(p) F) GL.(p) p=2,G abelian p. 4
2.F'xC, F, GLy(r) F2 TLa(q) gq=p ip#r.d=-=5 6.12
3. A(n,0) Fp TLi(2") Fr TLy(2") Def. 3.2(a), n£20  6.14
4. B(n)  F2» TLy,(2*") Fr TLy(2") Def.32(0b),n>1  6.14
5. P FS CyxCy F?  TLy(2%) Def 32(c),n=3  6.14
6. F3:F? F? TLs(q) F? TLj(qg) ¢=p%odd, 3|n 6.9
7. IE'pu:IF‘q% F,” Spu(g)< Foo TLi(p")< g=p"odd,n|b|m 6.2

i




Theorem B. A finite group is a 3-orbit group if and only if it is one of the groups listed
in Table |, where p,q are distinct primes, and m,n are positive integers.

TABLE 1. Finite 3-orbit groups

N Aut(N) Conditions Ref
1) zreY.g, ATL(n, pi~b) Example 2.1 2.2
(2) Z GL(n,Z/p*Z) = “_ .GL(n, p) 2.3
(3) Az(n,f) =27 E”Q:FL{LE“‘] 18] £ 1 is odd 2.6
(4) SU(3,27), = 2nt2n  92n%.T[(1 922n) 2.6
(5) P(e) =230 218:(Zq:Zyg) 2.6
(6) Ay(n,f)=ptt p“E:FL{S,pﬂfIH] pisodd and |#| =3 4.3
(7) qf‘gm o pn+2mn pg’”mj:{Sp{Em,q]:FL{l,q]] g=p" and pis odd 4.4
(8) q_l|_+2me 2 protimn - pImnon.(Qn(9m g):I'L(1,q)y) Example 5.3 5.4
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®
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TasrLE 1. Reducibility of the hearts of the known 2-transitive groups

Conditions
under which the
heart of G over K
i8 reducible

Degree (K a field of
Group, G 1€2] T'ransitivity characteristic p)
Symi(n), n = 3 n 7 always simple
Alt(n),n = 5 n n—2 always simple
Alt(4) = AGL(1, 4) 4 2 K > F,
G < AT'L(d, g) containing g% 2 or 3 p divides ¢
the translations
PSL(d, q) < @ @-1/(g-1) 2 p divides g
< PI'L(d,q),d = 3
G ~ Alt(7) < PGL(4, 2) 15 2 p=2
[Sp(2m, 2)]-, m = 3 2m-1(2m — 1) 2 p=2
[Sp(2m, 2)]*, m > 2 gm-1(2m 4. ]) 2 p =2
G, a 3-transitive subgroup g+1 3 always simple
of PI'L(2, q)
PSL(2,q) < @ < PEL(2, q) g+1 2 K = F,
ifg = +1 (mod 8)
K = F,
) ifg = + 3 (mod 8)
Sz(g) € G < Aut(Sz(g)) g*+1 2 p divides g+ 14+m
where m® = 2¢
PSU(3,¢*) < G g*+1 2 p divides g+ 1
< PI'U(3, ¢%)
Re(g) < G < Aut(Re(q)) ¢ +1 2 p divides
(g+1)(g+m+1)
and perhaps if p
divides (g —m + 1)
where m® = 3q
M,, 24 5 p=2
M,, 23 4 p=2
12 12 5 always simple
M,, 11 4 always simple
11 12 3 P = 3
PSL(2, 11) 11 2 p=3
HS 176 2 p=23
CO, 276 2 perhaps if

p==2or3
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G is monowial @

Conjectu ve.
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