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GOAL

Goal: effectively compute local subobject zeta functions of (Lie) algebras:

Let k be a number field with ring of integers o.

Let A be an o-algebra, free of rank d as an o-module.

Gi(s) =2 AU =TT G5, (s)

U<A ve\?k
where Ay = A®, ov.
Example L = Filg

(2. y1:¥2,¥3.¥a | [2,y1] = 2, (2. ¥2] = V3, (2, ¥3] = Ya, V1, Y2 = ya)-
Additive rank 5, nilpotency class 4 Z-Lie algebra.



RATIONALITY AND UNIFORMITY
Let L be a ring of finite additive rank.

Let p be prime. The local zeta function (; ;,(s) is a rational function in pS.ie.
there is a function Wy (Y) = Pp(Y)/Qp(y) € Q(Y) such that

CLp(s) = Wp(p™).

There are smooth algebraic varieties Vi, t € {1,...,m} defined over Q, and
We(X,Y) € Q(X,Y) such that, for almost all p,

{p(s) = i c(PIWe(pop™),

where c¢(p) is the number of Fp-rational points of V;.



RATIONALITY AND UNIFORMITY

Let L be a ring of finite additive rank.

(1 (s) is uniform if there exists a rational function W (X, Y) such that

Cp(s) =W(p,p~)

forall p.

(1 (s) is almost uniform if there exists a rational function W(X,Y) such
that

Cup(s)=W(p,p~*)

for almost all p. In this case, W(X,Y) € Q(X,Y) is the generic local
zeta function of L.



P-ADIC INTEGRATION

Forf(x) € Z[x1,...,Xn]
Sl dn= 3 (e 23 vp(r0) = m})p~"

Zp - p-adic integers, | - |, - p-adic absolute value
iis the Haar measure normalised st. u(Zp) = 1.
u(a+S) = u(s)forsczy

wa+p"Zp) =w(p"Zp)=p™"



P-ADIC INTEGRATION

LetL = (x,y,2| [X,y] = 2,[x,2] = [y,2] = 0) (Heisenberg)
Local zeta function: need to count subalgebras in the Z, -algebra Lp.

The rows of a matrix M = (x;;) € Tr3(Zp) N GL3(Qp) - generators of a
full additive sublattice A of Z3.

For A to be a subalgebra it has to be closed under taking Lie brackets

of generators: x33/x11x27.



Gp(s)= > ILp:AI™®
A<lp

_(1_p"1y-3 s-1 s-2 s-34..(6)
=W ey bl Hhaalp sl 2

Three basic ingredients of cone integral:
integrand
area of integration Tr3(Zp) = Zg

polynomial divisibility conditions (cone conditions)



EXAMPLE

LetL =Fily =(z,y1,¥2, ¥3: Ya | [Z,y1] = y2,[2, ¥2] = y3,[2, ¥3] =
Ya,[ Y1, Y2] = ¥4). Additive rank 5, nilpotency class 4.

() =(1-p )™ XeZ15:C xolp x5 |5~ Ixo 3 ~®x1alp S Ix1alp de

C = X12X14X9| — X0X10X13X5 + X0X11X12X5 — X0X12X7X9 + X0X13X6X9
— X1X12X6X9 + X12X2X5X9,
X12X14[X0X10X12 — X0X13X9 + X1X12X9,
X12X9| — XoX10X5 + X0X6X9,

Xo|X0X5, X12|X0X9, X14|X0X12, X14|X5X9



HOW DO | CALCULATE THAT???

Option 1: by hand Option 2: use computer
Many people: using various tricks Package Zeta for SageMath by

and instruments from algebraic Rossmann.

geometry (blow-ups, smart changes
of variables etc.) reduce conditions
to monomial.

For example, Woodward (2005):

(%) Trivial: the integral reduces to monomials straight away.

ttttttttttt aasasasasa aaaa

(%%) Easy: no more than three blow-ups are needed to reduce this one tc

VERSION 0.4.2
monomials.

: February 2022

(kdek) Medium: a few more blow-ups are needed, but it should be fairly easy tc
see the way through the calculation.

(Jek k) Hard: considerably more blow-ups, and probably one or two entirely non.

obvious tricks, will be needed if we are to complete the calculation. S e -

Unless stated otherwise, all local zeta functions given are for all primes p.



zeta AND LIMITATIONS

Zeta uses tools from convex geometry and algebraic geometry (toric

varieties, Grobner bases, cone integrals).

It splits p-adic integral in a sum of cone integrals in a smart non-trivial way:
simplify (add mon. conditions to cone, find better but equivalent
conditions...)
balance (cut cone so that initial forms a constant on each piece)
reduce (repair certain specific types of singularity)

Most common limitations of Zeta:
Toric singularities
Too many rational functions to add
Idea
Both problems can be eliminated by "pre-treating" the p-adic integral using
"human guidance" and ad hoc approaches.



EXAMPLE

LetL =Filg =(2,y1,¥2, Y3, ¥a | [Z 1] = Y2, [2,¥2] = v3, (2, ¥3] =
Ya,[ Y1, Y2] = ¥4). Additive rank 5, nilpotency class 4.

() =(1-p1H)™ XeZ15:C xolp S Ixs |3~ Ixo 3 ®x1alp S Ix1alpde

C = X12X14X9| — X0X10X13X5 + X0X11X12X5 — X0X12X7X9 + X0X13X6X9
— X1X12X6X9 + X12X2X5X9,
X12X14[X0X10X12 — X0X13X9 + X1X12X9,
X12X9| — XoX10X5 + X0X6X9,

X9|X0X5, X12|X0X9, X14|X0X12, X14|X5X9



Zeta. lookup( "Fil4")

L.toric_datum( "subalgebras")

In [4]: print(T)
Toric datum

Base ring: Multivariate Polynomial Ring in x@, x1, x2, x3, x4, X5, X6, x7, x8, X9, x10,
x11, x12, x13, x14 over Rational Field

Polyhedron: A 15-dimensional polyhedron in QQ~15 defined as the convex hull of 1 vertex and
23 rays

H-representation

begin

19 16 rational

000000 OOOOOOOBG1
00000 OOOROOOBLA
000000 OOOBOOOO1OO
00000 OO0OOROO10OBO
eOo0oOREEOOOERO1IOOOE
go0oOOEOOORlIOOBOE
Lo JC N I T« B s O I C G I T O o
000000001 00600600
OOO0OBOOO1OBOOOOBGO
G000 BOE10OBOBOOOBOBGO
6000 BOOE10O0OB1IOBO00 -1
000001000 ROOOBGO
G000 l0o000ROO0OBBO
000 1l00000000008008
0010000000000 BBBO
9100000000 0000808
1000000000001 80 -1
gl1l00000000100 -100
91000010006 -100000
end

Integrand: t°(y * (1, 8, 6, @, 6, 1, 6, 8, 6, 1, 6, 6, 1, 8, 1)) * g*(y * (0, -1, -1, -1

il =l =il =l 2y =il =T, 35 =1y )5

(o) x12*%x14 || x1*x9*x12 + x0*x10*x12 - x0*x9*x13

(1) X9*x12 || xO0*X6*xX9 - x0*Xx5*x10

(2) X9*x12*%x14 || x2*¥X5%X9*x12 - X1*X6*X9*X1Z - XO*XT*x9%X12 + XO*x5*x11*x12 +

XO*X6*X9*X13 - XO0*xX5*Xx10*x13



HUMANS COULD NOT DO IT

Woodward (2005):

Proposition 3.19 Up to tensoring with R, all Lie rings of rank < 5 except
perhaps Filj have distinet zeta functions counting all subrings.

Indeed, Fil; is the only Lie ring of rank 5 for which we don’t know the zeta
function counting all subrings. Regrettably, I have been unable to calculate this
zeta function.



MACHINES COULD NOT DO IT

Rossmann (2015):

9.1. Five-dimensional nilpotent Lie algebras: Fily

As in [36, Thm 3.6], let Fily be the nilpotent Lie ring with Z-basis (e;,...,e;) and
Lie bracket [e1,es] = es, [e1,e3] = eq, [e1,e4] = e5, [ea. €3] = e5, and [e;, e;] = 0 for
i < j not listed above. As we explained in [27, §7.3], with the sole exception of Fily ®zC,
each of the 16 isomorphism classes of non-trivial nilpotent Lie C-algebras of dimension
at most 5 admits a Z-form whose local subring zeta functions have been computed. We
can use TOPOLOGICALZETAFUNCTION (Algorithm 4.1) and Zeta to confirm that for
the 15 known types, the topological zeta function coincides with the one deduced from
p-adic formulae using the informal method from the introduction. The local subring zeta
functions of Fily have so far resisted attempts at computing them [36, p. 57]. In [27.



BUT TOGETHER...

Humans Machines

2025-04-30 13:32:36 Zeta.abstract INFO - POP [#unprocessed = 4, #regular = 41]
13:32:36 Zet NFO - POP [ 3, #regular = 42]

13:32:36 Zeta.abstract INFO - POP [ 2, #regular = 43
ta.abstract INFO - POP [ 1, #rogular = 44]

b121

trick_change_var (b121, {x6:x6+x12}) # since @12 d
CHANGE THE INTEGRAND

bl21 = trick_divide_by(bl21, x12)

print(‘\n', +b121, sep = '\n')

des 26 // THIS WILL,

2025-04-30 Zeta.abstract INFO - Main loop finished successfully.
del b121[1] 2025-04-30 Zeta.abstract INFO - Total number of regular data: 45
2025-04-30 Zota.abstract INFO - Launching 4 evaluators.
2025-04-30 Zota.abstract INFO - Evaluator #2 finished.
bl21 = trick_change_var(bl21, {x7:x7+ x5+x11}) 2025-04-30 Zeta.abstract INFO - Evaluator #3 finished.
print("\n', *bl21, sep = '\n') 2025-04-30 Zeta.abstract INFO - Evaluator #1 finished.
2025-04-30 14: Zota.abstract INFO - Evaluator #0 finished.
14:31:56 Zeta.abstract TNFD - ALL finished
2025-04-30 14:31:56 Zota.addnany INFO - Total mumber of rational functions:
(x12+x14, x0+x109x12 ~ x9wx13) e
(x12, ~x5ex10 + x6) 2025-04-30 14:33:48 Zeta.addnany INFO - Total mumber of rational functions
(x12+x14, X24x5+x99x12 - X1+xS+xL0X12 + xOsxGHxl14x12 - XOWXT+x12 - xS+xiOWx1d Tomo
* x6wx3) 2025-04-30 14:40:17 Zeta.abstract TNFO - Total mumber of rational functions
(x12, x9) reors
(x14, 30°2¢x12) 2025-04-30 14:40:24 Zota.abstract TNFO - Degres of demominator in (£.q):
(x14, x5+x9°2) (630 1608
14:40:24 Zeta.addmany TNFO - addmany disp numerator
N - " 2025-04-30 14:40:31 Zota.addnany INFO - Launching 4 summators.
(x12+x14, X0+x10+x12 - x9+x13) 2025-04-30 16 Zota.addnany INFO - Sunmator #1 finished
(x12, x6) 2025-04-30 Zeta.addnany INFO - Summator #3 finished
(x129x14, x2vx5ex9ex12 — xlvxbexi0sxi2 + xOsxGexilvxl2 - xOexT+xl2 + x6#x13) ore-0430 Tera. addnany INFO - Summator 50 fintahed
(12, 39) 2025-04-30 Zota.addnany INFO - Summator #2 finished
f":j ": 2;;)2) 2025-04-30 Zota.addnany INFO - AlL summators finished.
x4, xS 2025-04-30 Zeta.abstract INFO - Factoring fimal result.
2025-04-30 Zota.abstract INFO - ALL done.

(x12+x14, x0%x10%x12 - x8+x13)

1, x6)

(x14, x24x5+x9 - x1¥x5¥x10 + xOxx5sx11 - xO%x7 + x6+x13)
(x12, x9)

(x14, x0"2#x12)

(x14, x5+x972)

(x12+x14, XO*x10#x12 - x9#x13)

(x14, x24x5+x9 - xLex6¥x10 - xO%x7 + x6+x13)
(212, x9)

(x14, x0"2%x12)

(x14, x5+x972)



Crily,p(S) = W(p,p~)

W(q,t)

~(GM3B¥EAB1 + QA36HATY + GA35HATY - GMBSHATE + QN3AMATE + 24GAI3BHATE - 24GAT33HATT + 3RGAIZ2HATT - 24GMB2HTAT6 + 24GABTHATT - A*GAIZIMATE + GM3T#EATS +
2*qM30*AT6 - 2%qA130*tA7S5 - 3*GA129%EAT7S + qA129%tAT4 + 5*qA128*ATS - 6%qA128*tA74 + QM 28*EAT3 - 5*qA1274A74 + g 27*A73 + 4*qA126%tAT74 - 7+qM26%tA73 + 2% A 126%tA72 -
T*GM25*AT3 + 25qM255AT2 + qA124%EAT3 - 8XQM 24%EAT2 + 6*QM 245tATT - 5*QA1235AT2 + gA23%EATT - XM 225EATT + 8¥QM225EAT0 - TXQM214ATT + 4% QA 214470 -
10%GA204EA70 + 14%GA1 204769 - 9%GA19HAT0 - 25GA 2041168 + B¥GAT 195A69 - A TB¥EATO + QAT 195AES - 4*GAT18HAGY + 15%GAT185A6 - 7#GA 1741169 - 4*GA184A67 +
9*QA17*tA68 - QA117*tA67 - 6*qM116*t168 + 20*qA116*A67 - 6*qA115%t1A68 - 7*qA116*1166 + 9*gA115*EA67 - 6*qA114*tA67 + 25%qA114*tA66 - 8*qA113*467 - 11*qA114%1465 +
19%GA134766 - THGA134A6S - 3"q"1 1241066 + 234GM124A6S - 2HGMTTHAGE - 15HGA 124764 + 12GM1THAGS - B¥GA 114764 - 34GA10MAGS - M 11HA63 + 24%GM 104764 -
3*GMO9¥EA6S - 204qA 1104763 + +qM10MAG2 - 14%g - 4*qMO8*tA64 + g +24*qM 08463 - qMO741A64 - 224GMOBHEA62 + 125G 0741163 +

Z‘q"1 08*1761 - |7‘q"| 07*1762 - qMosmsz +24GMO7HA6T + 18%GM06¥E62 - 25%GMOB¥E61 + 13*GAOSHAG2 + SYGMOGHAGD - 19%GMOSHAGT - 3#GA04*N62 + 24GMOSHAGD +
+11*%gA103*tA61 + 5*qA104*tA59 - 17*qA103*tA60 - gA102*tA61 + 5*q"103*t"59 +14*qA02*tA60 + gA03*tAS8 - 25%qA102%tA59 +

14*q’\|0| *tA60 + R*Q’\IOZ"(’\SE ZZ*q’WOi *tA59 + 2%qA100%tA60 + 7*qA101*tAS8 + 12%qA100*tAS9 + 3*qA101*AS7 - + +4*qM00*tAS7 - 12%q +
q 7 +16%q +4%q -24%q 7+ s*qumAss + rwesmss 19%GAGTHAST + GAIGHIASE - qus*mss + 5qra7HS6 + |Z'q’\96't"57 + 74GAITHASS -
q +9%q 7~ q -14%q +3%q +3%q -21%q q +4%q - qI4*IAS3 -
+6*qRO2*t q -34S 4 SHqraT s quamsz +12%GR924AS3 - 125GAI1#ASA + z'quz'msz THQAIIHAS3 + 3“’q"90"t'\54 +10%GA91#tAS2 -
324qAI0HAS3 + QRBSHTASA + 13¥ - qA88#AS3 + 13%qy -27%q +qA87HAS3 - 3%q o
s*qumAsz + S*q’\EB*l’\SD |5*q’\87*1/\5| + qAaamsz + 25*qu7*tAso 3|*qAas*tA51 2*q’\87*1"49 +23%q -8*q +3%q q +
- 82*tAS0 - 3*qy 7 +28%q 17+qre2rtnds - 6¥q 7+

R + .
ZB"q’\SZ"l’\AS a*qu*mg + 4"q"82‘t"47 5*qA81*+Ad8 - q’\SO"l’\AS A*quz*ms + 37*q’\81"l"47 15+ABO*AGS - 10%GABT#IAG + 32%GABO¥IALT - 6*GATI*INAG + GABTHALS -
2%GABO*IAL6 + 10%GA7IHIALT - QATBHAAS - SKGABOXIALS + 324GATIHAGG - 10¥GATBHAAT - 19¥GATIHAGS + 275GATBHIAG - GATTHAAT - GATOHIAGA - THGATBHEALS + 4*GATTHENG -
s*qwa'ma + 24‘q’\77'(/\45 a*qume 19%qA774tAd4 + 16*qA76*ws qA75*ms 2‘q"77'(/\43 2+qATE*AG4 + ARGATSHINS - SHGATERNAZ + 275QATSHINAL - BGATARAGS -

- 9*qAT4%tA3 + 3%q q - 3%qA724tAd4 - 26%q 2+ 7+GAT2HAG3 - QAT3HIAT - THQAT2HEAA2 -
z*qnwms 4*q'*72*("4| +204G\714Ad2 - QATOMAG3 - 20¥GATTHART + S GATONAd2 + 2~qA71*wo 2+qA70*tA41 - a%q +24%q - QAEBHIAA2 + GATOMA39
q + 4% +2%q .z*qA57*xA4| -9*%q + zo*qu*mo + qusmaa zo*qA57*xA39 +4%q +2%GAGTHA3S + T +
a6s+nd0 - 77 +26%q +3%q 7- +26%q +8%q .

q 7 + 5% - axq +2%q 7+ z'qumAsa + qre3vns.- |a*quz'm35 + lg*q’\61"(’\37 +8*%q - 24%qn61%1A36 + 5¥q 7 - 44qA61*A35 +
7*AG0*tA36 + GASIFA3T + GAGT*EA34 - 27 +19%q +10%q . + +qA60*tA33 - 10%q +2*4q - qAS74EA36 +
s*qug'mss 32*qA58m34 +10%qAS7*A35 + 15% - 37+qASTHA34 + 4%q + q’\SS*V‘BZ + 5*q"57'["33 -4xq +4+q -23%q +6%q +

+3%q +qRS64tA31 - 2% +2%q q 1 - 31#qAS4*tA32 + 4+ +20%q 1 - 30%q/ 2+ 2%q +

7'qA53*:A3| IHqAS2AND2 + BHGASHUA0 - IRNSHAST 4 24qASTANS2 4 31 *quz*mo -254q - qAS2*tA29 + 15%q -3*%q + 9*qAST*tA29 - 14%q +
3+AAHAZY - GASTHIAZE + 27*GAS0¥IA29 - 13%AATHA30 + GASORA2S + 6*GAAT*IA29 - q - 1 q Qg7 + 32 - 10%qAA7+A29 -
3'q"48"l"27 + 7"qM7‘t"ZB 2%qM6*A29 + lZ"q"47't’\Z7 |Z'q"45'l"28 + qms'v\zs s*qurnzs +36%q q + 9"qM5't’\27 + qmwnzz +

7- 5%q +2 “grqra2n26 -9
u-qmzmu SAGRATHAZS + QAOMAZG - qAZAAD3 + 19VGAATHA2A - 7"q'\Au"M25 s’qhﬂ*nzz + 24"q"40*t"24 4*GA3IHAZS - 16%qAA0¥tA23 - 5*qA39*ma + |2"q"39"("23
A*QA3BHTA24 - B*QA3OHIA22 + 20*qA3BHLA23 - 3KQAITHIN24 - 124A3BHIAZ2 - THGAITAIA23 - z*qAaa*xAz1 + 22%qA374tA22 - 8% - 14*qA37~(Az1 Btz qA;s*m;
14%GA36*A21 - S*GA35HA22 + GA36*A20 + 174GA35HA2T - S¥GA34REA22 - 11y + 1-qA334tA22 - 19%q 1+3%q
SAQNIZAAT - 13¥GN33HM + 254GA32HA20 - 185QAB2AIATD - 25N TAEAZ0 + GAZAEAT + 174GN3THAD - 2430420 - 125GA3THEATS + 22*q’\30"l"19 +qA31*AT 7 2 Gr30MMB -
QR29%A9 + 4*GA30MAT7 + 14%q 18- qA28*tA19 - 16%q 7 +20%q + 35GA20MAT6 - 24%GA2BHATT + GA274TAT8 + 3GA2BHEM6 + BRGR2THIAT7 - 125GA27HAT6 +
155GA26HAT7 + 2+GA274TAS - 234GA26¥EM6 + B4GA26HIMS + THGA2SHAT6 - 19%GA2SHATS + 11#GA24%IM6 + ¥y 4-25%qR244TMS + 6% 4-9*%q 4+ 7%qA224AM5 +

6¥qA234IA13 - 20¥GA224tA T4 + 6¥QA224IAT3 + GA2THATA - GGA2T¥EAT3 + 4%QA20¥TAT4 + THQA2T#EAT2 - 155GA20¥TAT3 + 4*A20¥EA 12 - GAIFEA3 + GA20¥EATT - BEGAIHATZ + 2%qMBHA3
+9*GMIHATT - 14¥GABHEN2 + 10¥GABHATT - A¥qMTHEAT + 74GAM7HAT0 - 8¥GAE*ATT + B5GAG*IA0 - GASHEA0 + SXGATSHAG - GATARAT0 + BEGMAXEAD - GMAIAG - 25qM34tA9 +
THGM3HAB - 24GA 2HAD + QA 24AB - A*GA 2HAT - QMTFAB + S*GMTHEAT - GMORAB + 6¥GMOREAT - SYQAORAG - GAGHAT + 34QAOHAG + 2%GABHIAG - 2+GABHEAS - GATHING + A*GATHIAS -
24GATHNS + 2%GAGHINS - BEQAGHING + 25GASHING - 2XASHIAS - QAAHIAS + ABHAS - QABHAZ - GA24A2 - 1)/((GA26¥EMS - T)H(GMARAB + GATHEM + 1)H(GMBHAT - XQMZHEAT - TIHGM T#A6
+ 1)HGMIHAG - 1ABHGAIHAS - 1)H(GABHAS - 1)H(GATHAG - 1A 2¥(ABHIAS - TIHGABHEAZ - ¥t - ¥(E- 1)}



HOW DO YOU KNOW IT’S CORRECT?

‘Theorem (Voll-2010)
()t = (-1)PE) 0, (5)

(ActualZ(t=1/t,gq-1/q) ‘ActualZ).

-q*10%t"5

Topological zeta function (limit p — 1) coincide with the one
independently computed by Rossmann (2015).

Reduced zeta function (another limit p — 1) is consistent with
expectations.

A number of conjectures by Rossmann on poles at t = 1 (recently

proved by Reunbrouck for classes of algebras containing Fils) hold for
our formula.



REINFORCEMENT LEARNING

Let us make a game!
State of a game: a list of ToricDatum
Possible moves:
blow up between x; and x;
change of variables
some other tricks?

Let a Neural Network agent play it and give it reward based on the weight
of TD’s.



CURRENT PROGRESS

New data structure: FactoredToricDatum:

better suited for our "games"
an action by GL,(Z) preserves the integral
specific blow-ups and changes of variables are integrated as
methods
the structure itself improves performance (some types of
singularities are automatically removed).
some initial reinforcement learning experiments:
trained case-by-case
reduce the maximal weight
successful computations in some cases
new approaches are constantly "discovered"



